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Abstract 

For E being one of the three sets: the whole real axis, a finite 
symmetric interval and the positive semiaxis, we discuss the simplest 
differential operators of the second order which commute with the 
truncated Fourier operator $e- 

2 Operators which commute with the 
truncated Fourier operator 

Let F be a linear operator acting in a vector space X over C, and let L 
be another linear operator acting in X. We assume that the operator 
L commutes with F that is the equality 

FLx = LFx \/x G X (2.1) 

holds. For A £ C, Let X\ be the eigenspace of the operator L corre- 
sponding the eigenvalue A: 

X A = {x G X : Lx = Xx}. (2.2) 

From ([21]) and §21$) it follows that 

FX A C X A , (2.3) 

that is X\ is an invariant subspace of the operator F. 
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Thus the use of operators L commuting with the given operator F 
may be a helpful tool for study of the operator F if an information on 
spectral properties of L is available. 

We apply this reasoning taking the truncated Fourier operator $e 
as the operator F. 

1. First of all, we consider the case when the set E is symmetric, 
that is E = -E. 

On the symmetric set E, the symmetry transformation t — ► — t 
acts. This transformation generates the operator 

3x(t) = x(-t), 3 ■ L 2 (E) — L\E). (2.4) 

The operator 3 possesses the properties: 

a 2 = /, 3 = 3*, (2.5) 

I in (|2.5p is the identity operator in L 2 (E). The spectrum of the 
operator 3 consists of two points: A = 1 and A = —1, which are 
eigenvalues of 3- We denote the appropriate eigenspaces of 3 by X e 
and X G : 

X e = {x G h E : 3x = x, that is x(t) = x(—t), t € E ; (2.6a) 
X = {a; E Lfj : 3x = —x, that is x(t) = —x(—t), t G E ; (2.6b) 

(The subspace X e consists of even functions, the subspace X G — of odd.) 
It is clear that 

L 2 {E) = T e ®% . (2.7) 
The operator "Je commutes with 3' 



and also 
Therefore, 



3?e = ? e S, (2.8a) 

33^ = 3^0. (2.8b) 

[F^jXe C X e , 9~£;X C X G 5 (2.9a) 

3~^7"Xe E Xg, 3~^Xo E Xo . (2.9b) 

So the pair of complementary subspaces X e , X reduces each of the 
operators $e and 3~ E : 

3E = ?E\x e ®? E \x , (2.10a) 

r E = r ElXe ®r ElXo , (2.10b) 
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where 3^E\x e , 3^E\x a , ^*E\x e an( ^ ^*E\x a are the restrictions of the opera- 
tors 3^e and 3* E onto their invariant subspaces X e and X G respectively. 
According to Theorem 1.3, the operator £Fe, as well as the adjoint 
operator 3* E , are normal operators in L 2 (E). The restriction of a nor- 
mal operator onto its reducing subspace is a normal operator as well. 
Therefore the operators 3^E\x e an d ^-EIXo are normal operators acting 
in the spaces X e and X„ respectively. 



The relation 



is crucial for us. Since 



3* E = ? E d (2.11) 



8\x e = he, (h e ~ the identity operator in X e ) , (2.12a) 
3\x = -Ix > (^Xc - the identity operator in X D ) , (2.12b) 



then 



(?e)\x b = m)\x e (2.13a) 
(?e)\x =-(?e)\X - (2.13b) 

It is also clear that (?|)| Xe = {{3 E )\x e )\ (^1)[X = ((^)|xj*- 
(The operator which is adjoint to the restricted operator is equal to 
the restriction of the ajoint operator .) 

Thus, the operators (3 r s)|x e an d i (&e)\x are selfadjoint opeara- 
tors in the subspaces X e and X Q of even and odd functions from L 2 {E) 
respectively. These operators are nothing more then the cosine and 
sine Fourier transformation: 

For x G X e , F E x(t)= —= [ cos (t£) x(£) d£ , teE, (2.14a) 

v27r J 

E 

ForxeX , F E x{t) = i—= [ sin (tf) ar(£) d£ , teE, (2.14b) 

V27T J 



Each of the subspaces X e and X G is invariant with respect to each of 
operators J E and 3^£Fe. Taking into account (12. lip and (12.121) . we 
see that 

(? E \x e ? = (?|y £ )| Xe (2.15a) 
Pe\x ) 2 = -(?e*e)\x - (2.15b) 

The operator S^IFe, and its restrictions (3 r £'9"_B)|x e) (Sfi^^OlXo on to 
invariant subspaces X e , X G are non-negative contractive operators. 
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Therefore, the spectra a{(3 E $E)\x e ) and (J {(^e^e)\x ) of the oper- 
ators (3 r ^3 r £;)|Xe) (^e^e)\x are subsets of the unit interval of the real 
axis: 

°U?e5e)\x.) Q [0, 1] , rttn^Xo) Q [0, 1] • (2.16) 

According to the spectral mapping theorem (see, for example, |GGKl 
Chapter I, Theorem 1.3]), 

K^ixj 2 = a((n?E)\ Xe ), K^)ixj 2 = -oiknsE)\x ) , 

(2.17) 

hence 

K3^)|xJ 2 C (7((^)), -(a(J E )| X J 2 C a((?* E ? E )) . (2.18) 
In particular, 

^((S^lXe) C [-1, 1], a{{5 E )\x ) C [-», »1 (2.19) 

(In (|2~TT)D . [-i, »] = {z = iy G C : -1 < y < 1}.) 
So, we proof the following 

Theorem 2.1. Assume that the set E is symmetric. 
Then: 

1. The space L 2 (E) is the orthogonal sum of the subspaces X e and 
X Q of even and odd functions, (|2.6I) : L 2 (E) = X e © X G . 

2. Each of the subspaces X e and X c is invariant with respect the 
operators $e , 

3"i?X e C X e , S'e'X'o ^= X . 

T/ie pair of complementary subspaces X e and X G reduces the op- 
erators ^e- 

3~£ = 9~£|X e © ^E\X a , 

where $E\x e are ^ e restrictions of the operator $ E onto its in- 
variant subspaces X e and X Q respectively. 

The operators 3~E\x e an d ^E\x are integral transforms: cosine 
and sine Fourier transforms respectively, (12 . 14[) . 

3. The operators 3"s|x e an d i 3e\x are selfadjoint contractive op- 
erators acting in the spaces X e and X e respectively. 

4. The operator 3 e is a normal operator, and the operators ^E\x e ®^ 
and © 7e\x are rea ^ an d imaginary parts of 3^e- 
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5. The spectrum ct(He) of the operator He is a subset of the cross 
Q, where Q = [— 1, 1] U [—i, i]. 

More precisely, (I2.15p . if point A G Q belongs to the spectrum 
o~(He) of the operator He, then the point |A| 2 belongs to the spec- 
trum o-{H* e He) of the operator H* E H e) ■ Conversely, if the point p 2 , 
where < p < 1 , belongs to the spectrum o(H* e He) of the opera- 
tor H* e He), then at least one of the four points i k p, k = 0, 1, 2, 3, 
belongs to the spectrum o-(He) of the operator He- 

6. If the point p 2 is an eigenvalue of the operator H e He of multiplic- 
ity k(p 2 , H e He), then at least one of the four points i h p, k = 
0, 1, 2, 3, is an eigenvalue of the operator He, and the to- 
tal multiplicity K{i k p, He) of these eigenvalues is equal to 

0<fc<3 

k( P 2 , h e h e ). 

In particular, if the point p 2 is a simple eigenvalue of the operator 
H e He, then precisely one of the four points i k p, k = 0, 1, 2, 3, is 
an eigenvalue of the operator He and this eigenvalue is simple. 

In fact, our Theorem 12.11 puts in order what is presented in [Sll, 
Section III]. As we shall see below, if the set E is not symmetric, the 
spectral properties of the operator 3^ may be quite different. 

2. Less trivial examples of operators which commute with the 
truncated Fourier operator are differential operators. We restrict our- 
self to consideration of selfadjoint differential operators only. The 
spectrum of an ordinary differential operator is of finite multiplicity, 
which does not exceed the order of the operator. If a selfadjoint differ- 
ential operator £ commutes with the truncated Fourier operator $e, 
then every eigenspace Xa of the operator XL is invariant with respect to 
"Je- If moreover the spectrum of L is discrete (i.e. if the system of its 
eigenvector is complete), then we find the complete orthogonal system 
{^a}ago-(X) of finite dimensional subspaces each of them is invariant 
with respect to He- (And the dimension of each Xa does not exceed 
the order of the differential operator £). The further spectral analysis 
of the operator He is reduced to the spectral analysis of the restriction 
(He)\x x °f onto £j. If moreover the spectrum of L is simple, i.e. if 
dimXA = 1 for every A (A are pairwise different), then the system of 
the appropriate eigenvectors of XL forms also the basis of eigenvectors 
of H E . 

Usually the study of properties of eigenfunctions (such as its asymp- 
totic behavior) of differential operators may be done easier and in more 
detail than the study of this properties for eigenfunctions of integral 
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operator if this integral operator has no singularities. Therefore the 
availability of a differential operators Ju which commutes with 3e may 
be very useful for the spectral analysis of 3e- However, the existence 
of such XL is a lucky accident, and to our best knowledge there is no 
regular way to search for such XL. 

Until the present time, the differential operator XL were discussed 
mainly which commutes with the operator 3* e 3e rather with the op- 
erator 3 r E, that is 

L(3* E 3 E ) = (3 E 3 E )^. 

For the set E = (— 00,00), the differential operator generated by the 
formal differential expression 

(L E x)(t) = ~ d ^- + t 2 x{t) (2.20) 

commutes with 3e- This fact has been known and has been exploited 
since long ago. 

For E being a finite symmetric interval, say E = (—a, a), < 
a < 00, the differential operator which commutes with 3e, has been 
discovered in |SlPo| and has been exploited in [LaPlj . |LaP2j . and 
since in further works. This operator is generated by the differential 
expression 

( i «*)W = -5( 1 -?)^ + ^')- (2 ' 21) 

and by certain boundary conditions which will be described later. It is 
not inconceivable that the fact that the differential operator generated 
by the the differential expression (I2.21|) commutes with the operator 
3* e 3e, E = [— a, a], was known before the the serie of work |SlPo| ). 
But surely it is the work |SlPoj where this fact was emphasized and 
was firstly used for the spectral analysis of the operator 3 e 3e- (In 
fact, this differential operator commutes not only with the operator 
3* e 3e, but also with the operator 3e, E = [—a, a].) In [Sllj the mul- 
tidimensional generalizations of the results obtained in [SlPoj . |LaPl| . 
|LaP2j were obtained. In |S12j . the discrete analogs of some results 
of |SlPo| . [LaPlj . |LaP2j were considered. However, the main break 
through was put into effect in [SlPo] . [LaPlj . |LaP2j . For sets E which 
are different from the whole real axes or from finite symmetric inter- 
val no differential operators commuting with 3e or 3* e 3e are found. 
In I Walj . the related problem was considered concerning differential 
which commutes with the indicator function of the set E. 
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There is lot of serendipity in the fact that such differential oper- 
ator exists and was found in the case E = [—a, a], a G (0, oo). The 
common feeling is thatH "there is something deeper here that we cur- 
rently understand - that there is a way of viewing these problems more 
abstractly that will explain heir elegant solution in a more natural and 
profound way, so that these nice results will not appear so much as 
lucky accident. " Starting from early eighties, F.A. Griinbaum takes 
many efforts to explain the phenomenon from a more general point of 
view. In particular, he related the phenomenon of the existence of a 
differential operator commuting with certain integral operators to the 
phenomenon of bispectrality. The bispectrality phenomenon lies in the 
fact that certain differential (or difference) operators admit the family 
of eigenfunctions satisfying some differential (or difference) equation 
with respect to the spectral parameter. See [DuGrj . |Grulj . [Gru2j. 
and other works of F.A. Griinbaum. There is a literature devoted to 
the bispectrality, see for example [HaKa]. 

However, these efforts, being interesting in its own right, did not 
furnish the desired result up to now. 

For E = [0, +00), the differential operator generated by the differ- 
ential expression 



Remark 2.1. The "factor" (1 - K) , as well as the "factor" t 2 , 



appearing in the expression (|2.21l) and (|2.22l) respectively, play the fol- 
lowing role. Checking the commutativity of the differential operator 
generated by the differential expression Le, (|2.2ip and (|2.22|) respec- 
tively, we have to integrate by parts. The above mentioned factors 
ensure that the terms outside the integral vanish. Moreover, in order 
to these terms vanish the appropriate boundary conditions on functions 
from the domain of definition of the differential operator generated by 
L should be imposed. 

Let us check the commutativity condition for the differential ex- 
pressions Le, (|2.20p . (I2.2ip . fj2.22j) . related to the Fourier operators 5e 
truncated on the sets E = (—00, 00), E = [—a, a], and E = [0, +00) re- 
spectively. (In fact, in the first case, the operator $e is 'non-truncated' 
Fourier operator 3\) In the present section, we are not concerned with 

J Here we quote from |S12l page 379] 




(2.22) 



commutes with both operator $e and 3%. 
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the detailed description of the domains, where the appropriate oper- 
ators are defined. Here we only carry out the formal integration by 
parts and compute the terms outside the integral in every of this three 
cases of E: E = (— 00,00), E = [—a, a], and E = [0, +00). The inter- 
pretation of the vanishing condition for the terms outside the integral 
as boundary condition imposed on functions from the domain of defi- 
nition of the appropriate differential operator will be discussed in the 
next section. 

Let us calculate the difference $eLex — Le^ex in the above men- 
tioned three cases: E = (—00,00), E = [—a, a], and E = [0, +00) 

I. The case E = (—00, 00). 

Let us transform the expression 3~eLex: 

(? E L E x)(t) =J(-^ + fxio) e^de 



Integrating twice by parts, we obtain 



d 2 x(Q 



di 



e=t> 



+it x(£) e 



e=6 



+t 2 I x(f ) e its d£ . 



(2.23) 



The integration by parts is possible under the condition: 



The function x(£) is differentible on every finite interval 
(a,b) C (— oo,oo) ; and its derivative —^p- is absolutely contin- 
uous on every finite interval. 



Now, assuming that 

00 

J \ x (0\ < 00, 



d 2 x(0 



de 



d£ < 00 



(2.24) 



dx(0 



dx(f) 

= 0, lim x(b) = 0, lim — ^ 



and moreover that 
lim x(a) = 0, lim 

we can pass to the limit in (I2.23P as a — > —00, b 
< d 2 x(£) 



(2.25) 
00. We obtain 



de 



e^di = t 2 J x(0 e** di for all t G (-00, 00) . 



(2.26a) 
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From the other hand, 



j fx(0 e*** d£ = J x(£) e** for all t G (-00, 00) (2.26b) 

—00 —00 

assuming that 

00 00 

J \x(0\d£<oo, J t 2 \x(0\d£<oo 

—00 —00 

Lemma 2.1. Let x(£) be a function defined on (—00,00). 
Assume that the conditions 



a). J £ 2 |z(£)|d£<oo b ). J 



00 

I 


d 2 x(0 




de 



hold. Then 



|s(0|d£ < oo, 



d£ < 00 (2.27) 



(2.28) 



and the condition (|2.25|) holds. 

1 

Proof. To prove (|2.28j) . it is enough to prove that J |a;(£)|d£ < 00. 

-1 

dx dx 

Since for every a, j3 : — 00 < a, /3 < 00, the equality -jr((3) — -77(a) = 
J (3 — — — d£ holds, it follows from the the conditions (|2.271 b) that 

dx(0 



there exist the limits hm — - — 



lim^oo 



From the 



the condition (12.271 a) it follows that these limits are equal to zero. 
Therefore, 



dx(t) } d 2 x(0 
dt ~ J d£ 



d 2 x{j) 



In particular, 



dx(t) 



dt 



< M, where M 



d 2 x{i) 



de 



de 
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and the function x(t) satisfy the Lipschitz condition. 

\x(t 2 ) - x(h)\ < M\t 2 - h\ Vii, t 2 . 

1 

All the more, / |x(£)|<i£ < oo. From (12.271 a) and the Lipschitz con- 

-l 

dition it follows that lim^-too x(t) = . □ 

The above reasoning proves the following 

Theorem 2.2. Let be a function defined on (—00,00). Assume 
that the following conditions are satisfied: 
1. The function x(£) is differentible on (—00,00) and its derivative 
dx ^p is absolutely continuous on every finite interval (a, b) C 



(—00, 00) 



2. J e\x(0\dC<oo J 



00 

1 


d 2 x(0 




de 



d£ < 00 



Then J \x(t;)\cU; < 00, the function y(t), 



y(t)= JxiO^dH, 
—00 

is twice continuously differ entiable on (— oo,oo) ; and 



(2.29) 



d 2 y(t) 
dt 2 



+ t 2 y(t) 



d 2 x{£) 

de 



+ fx(£))e it td£ Vt€ (-00,00). 

(2.30) 



II. The case E = (—a, a), < a < 00. 

Let us transform the expression 3^eLex: 



( ?£iBI )(^/(-|((l4)^) +f ^))e^. 
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Integrating by parts twice, we obtain 



a 2 ) d£ 











§=a— e 








£=— a+e 



£=a— e 



£=— a+e 



d 



it I x(0—[ (l-^)e^) d!i. (2.31 



-a+e 



Let us assume that 



d£ < oo 



(2.32) 



and moreover that 



lhn (£ + a) ^f- = 0, lim (£ - a) ^jf- = 0. (2.33) 

^-a+0 dO, £->a-0 dO, 

We shall show, (see Lemma |2~2"1 below), that under the condition 
(|2.32l) . the conditions 



J \ x (£)\ da < oo 



and 



lim ^ + a) ■ x(a) = 0, lim (£ - a) ■ s(f ) = 0. 
hold. Hence, we can pass to the limit as e — > +0 in (|2.31l) 



(2.34) 



(2.35) 



-- «/x«)|((l-g)^)«. (2.36) 
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Transforming the integral in the right hand side of (|2.36p and denoting 

a 

y(t) = J x(£)e lt ^ d(£), we obtain 



—a ' ' ' 



+ 



dt 2 



Lemma 2.2. Lei x(£) be a function defined on the open interval 
(—a, a). We assume that: 

1. The function is differentiable on (—a, a) and that its deriva- 

dx(Q 

tive — — is absolutely continuous on every compact subinterval 
d£ 

of the interval (—a, a). 

2. The condition (|2.32p is satisfied. 

Then, the condition 

\x{£)\ = o(|ln|£+a||) as^-a, \x(g)\ = o(\ In |£-a||) as^a, 

(2.37) 

holds, the function x(£) is summable on the interval (—a, a), (I2.34p . 
and satisfy the boundary condition (I2,35p . 



Proof. Let 
Since 



-a < a < (3 < a . 



it follows from (|2.32l) that there exist finite limits 



e\dx(o 



lim 1 , 

a-»-a+0 \ CI 2 J d£ 



lim I 1 

/3^a-0 



a 2 ; d£ 



In particular, 



dx(Q 
d£ 



O 



as £ ^ -a, — — = O 



ie + ai 



as £ — > a. 
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Integrating, be obtain (|2.37|) . The conditions (|2.34|) (I2.35P are direct 
consequences of (I2.37p . □ 

The above reasoning prove the following 

Theorem 2.3. Letx(£) be a function defined on (—a, a). Assume that 
the following conditions are satisfied: 
1. The function cc(£) is differentible on (—a, a) and its derivative 
dx(£) 

is absolutely continuous on every compact subinterval of 



the interval (—a, a 



2. 



d£ < oo. 



3. The boundary conditions 



lim (£ + a) ^f- = 0, lim (£ - a) ^f- = . (2.38) 



hold. 
Then 



the function y(t), 



y 



\x(£)\d£<oo, (2.39) 



a 

(t) = J x(0^d£, (2.40) 



is defined for every t G C ane? is an entire function of exponential type. 
The following commutational relation holds 



III. The case £ = (0, oo) . 

Let us transform the expression "JeLex: 

oo 

,^, w =/(-l(^))^. 





13 



Integrating twice by parts, we obtain 



t2 dx (0 Ate 
" 4 di 



e=t> 



+ it£, 2 x(£)e 



its, 



(2.42) 



Let us assume that 



a). /(l + OWOI 



(i£ < oo . (2.43) 



We show, (see Lemma l2~2l below). that under the conditions (|2.43|) . the 
terms out the integral in (|2.42l) vanish as e — > 0, iV — > oo. Therefore, 
under the conditions (12. 43 p . we can pass to the limit in (|2.42|) as e — > 

0, N -» oo: 

OO OO , v 

/(4( {2 ^f))^-* t /^ft( fvl£ ) *■ (2 - 44) 

V 7 

Transforming the integral in the right hand side of (|2.44|l and denoting 

oo 

y (t) = J x(f)e itf d(f), we obtain 



d 



aim _^j ue = -* ^ „ A 



Lemma 2.3. Let x(£) be a function defined on the open semi-bounded 
interval (0, oo). We assume that: 
1. The function x(£) is differentiable on (0, oo) and that its deriva- 
dx(0 . 



tive 



d.( 



is absolutely continuous on every compact subinterval 



of the interval (0, oo). 
2. The conditions fl2.43j> hold. 
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Then the boundary conditions 



lim£ 2 x(O=0, lime^ 



are satisfied. 
Proof. Let 



Since 



< a < (3 < 00 . 

P 



d£, 



■MO 



da 



it follows from (|2.43l b) that there exist finite limits 



hm c = £ — — 

<*-+o d£ 



Since a; (£2) — ^(£1) = / ^jp-df;, then 



lim £ 



(2.45a) 
(2.45b) 



x(0 



£0 



+ o(|£|- 1 ) as £^+0. 



Since / |x(£)|<i£ < 00, c = 0. Thus, the boundary conditions (|2.45aj) 


hold. In the same way, 

z(0 = - S T+°(\Z\~ 1 ) as e^oo. 

00 

Since / |a;(£)|d£ < 00, Coo = 0. Thus, the boundary condition 



lim = 



is satisfied. 

The equality Cqo = ensure that lim 

£^00 



K 2 *(0) 



. Thus, the 



function £ satisfy the Lipschitz condition at 00. (Even more, 
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the Lipschitz constant equals zero asymptotically.)) The convergence 

oo 

of the integral: / £ 2 |#(£)|d£ < oo together with the Lipschitz condi- 
o 

tion for the function £ 2 x(£))> which appears under the integral, ensure 
that this function vanishes at infinity. In other words, the boundary 
condition 

lim fx(£) = 

is satisfied. □ 

The above reasoning proves the following 

Theorem 2.4. Let x(£) be a function defined on (0, oo). Assume that 
the following conditions are satisfied: 

1. The function x(£) is dijferentiable on (0, aoo) and its derivative 
dx{i) 

— — — is absolutely continuous on every compact subinterval of 
the interval (0, oo). 

oo oo 

2. J(l+f)\x(0\dZ<oc, /|^(e 2 ^#)|^<°°- 



Then the function y(t): 

oo 

y(t) = J x(£)e<*d£, (2.46) 

Q 

is defined for every t £ R, is twice continuously dijferentiable on R, 
and the following commutation relation holds: 



d_ 
dt 



OO 



Remark 2.2. In Theorems 12.21 and I2.4L no boundary conditions on 
the function were posed at the endpoints of the interval. However, 
in Theorems 12.31 the boundary conditions (j2.38J) on the function x(£) 
were posed. This is felt to be tied to the following fact. Let H° E be the 
minimal differential operator in the Hilbert space L 2 (E) which is gen- 
erated by the differential expression Le on the domain of definition T>q, 
which consists of the set of all finite smooth functions on E. The mini- 
mal differential operator L E is symmetric. In the cases E = (— oo, oo) 
and E = (0, oo), the operator L E is an essentially selfadjoint operator 
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on Vq. This means that the closure H E of this operator is a self adjoint 
operator. However, in the case E = —a, a, < a < oo, the operator 
& E is symmetric, but not self-adjoint. The deficiency indices of this 
operator are equal to (2, 2). Self adjoint extensions of this operator form 
two-parametric family and may be described by boundary conditions at 
the endpoints. Only one of these extensions commute with the operator 
3~E- This is the extension that corresponds to the boundary conditions 
(|2.38fl . (We need to seek for selfadjoint operators which commute with 
3~e rather then symmetric one. These are selfadjoint operators which 
admit the spectral decomposition.) 
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